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Abstract--ln studying the transport processes with sohdificatlon, vanous matenals such as aqueous 
solutions, which are of h.gh Prandtl number (Pr), have been used to help understand the sohdification 
characteristics of siheon or metal based matenals, which are of low Pr Influences of Pr on the buoyancy- 
induced transport phenomena are mvesttgated through two-dimensional steady-state computatmns for 
flow in a square enclosure at two different vertical wall temperatures, both w~th and without sohdificat=on 
With a constant Rayleigh number (Ra), the momentum and heat transport characteristics are very 
msensltwe to Pr ff Pr > 1, regardless of whether phase change appears or not_ The Pr effect becomes more 
noticeable as .t ~s progresswely reduced from one With respect to phase change, for cases w~th no 
soli&fication, Pr effects on all aspects of the transport process increase with Ra With solidification, more 
vigorous convection induced by higher Ra, which coupled with the Stefan number effects, result m stronger 
Pr influence on maximum streamfunctmn and Nusselt number, but not on global enthalpy patterns It is 
also found that features such as morphology of phase boundanes may be more sensmve to Pr vanatmns 

than momentum and heat transport are 

1. INTRODUCTION 

IT IS WELL estabhshed that fluid flow phenomena play 
a major role m affecting the large-scale grain structure 
and the macrosegregatton of  sohdtfymg materials [1- 
6]_ The mteractlon of  fluid flow with a solidifying 
medium ts a complex problem with muittple charac- 
tensttcs, notably the convectton effect both in the bulk 
of  the melt and m the lnterdendnuc regton The con- 
s~derable practtcal ~mportanee of  macrosegregatlon m 
affecting the quahty of  solidifying matenals,  mcludmg 
the ones that need htgh and well-controlled per- 
formance such as semiconductors used tn computer  
hardware and superalloys used tn aerospace vehtcles, 
has stimulated extensive research into this field 

Heat and fluid flow phenomena associated with 
lammar buoyancy-induced natural convectton rel- 
evant to material processing have been extensively 
studied based on the fundamental  conservation laws 
of  the mass contmmty,  momentum,  energy, and 
spectes concentration. In refs. [7-10], direct theory/ 
data comparisons have also been presented. In those 
works, vartous flutds have been used, mcludmg the 
aqueous solutmn of  ammonium chionde (NH4CI-  
H20)  [7-9], aqueous solution of  sodium carbonate 
(Na:COj-H_,O) [10], water [8], and glycerine [8]. In 
a related experimental work, Kamotam et al. [1 i] used 
water and sdtcone oils to study natural convect |on 
without phase change. These matenals  are attractive 
because thetr thermophystcal property data are rela- 
tively well estabhshed, and thetr low entropy of  fuston 
makes them solidify qualltatwely like metalhc alloys 

to be investtgated Furthermore,  for a system such 
as the aqueous solution of  ammonium chloride, the 
transparent nature of  the solutton and the trans- 
lucency of  ammonmm chlonde dendrites allow ready 
visual examination of  the solidification process. 

The phystcal properttes of  the above-mentioned 
fluids are not close to the materials commonly used 
in the semiconductor or  metalhc alloy apphcattons. 
The Prandtl numbers (Pr) of  the aqueous ammontum 
chlonde, aqueous sodmm carbonate, water, and 
glycenne used in the aforementioned experiments are, 
respectively, 9 025 [9], 6 [10], 6.44 [8], and 8 356 x 103 
[8] The Prandtl number of  the sdicone o,1 used by 
Kamotant  et al [11] ranged from 3.65x 102 to 
1 93 x 104. However,  the Prandtl numbers relevant to 
the melt crystal growth of  both the semiconductor 
and metalhc alloy materials are small, ranging from 
10 -2 to 10- ' For  example, the Prandtl number for 
gallium-doped germanium and sihcon-germantum 
crystal growth was reported to be 7 x 10 -~ [6]. The 
Prandtl number of  pure gallium studted by Gau and 
Vtskanta [12] .s 0 0208. It is also known that the 
Utanium based superalloys have a Prandtl number of  
about  10- '. The Prandtl number of  the a luminum-  
tin alloy, studied numencally by Bergman and Keller 
[13],ts 1 4 9 x 1 0  2_ 

As surveyed by Gebhart  et al [14], various empiri- 
cal correlations have been proposed m the literature 
to quantify the effect of  Prandtl number on the heat 
transfer charactenstics However,  they were all limited 
to single phase flutds and are not necessanly consistent 
among one another.  Here, we study the effect of  
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Cp specific heat 
D length of the domain 
g gravitational acceleration 
Gr Grashof number 
L latent heat of phase change 
p pressure 
Pr Prandtl number 
Ra Raylelgh number 
St  Stefan number 
T temperature 
x, y Cartesian coordinates 

Greek symbols 
ct thermal &ffUSWlty of liquid 

NOMENCLATURE 

I '  

thermal expansion coefficient of hquld 
poroslt~ 
kinematic viscosity 

Subscripts 
C cold 
H hot 
{ llquldus phase 
s solidus phase 

Other symbol 
- dimensional quantity 

Prandtl number on the transport process of fluid 
with and without sohdification It is hoped that with 
more understanding of the effect of the Prandtl 
number, cross references of transport charactenstics 
can be drawn with more confidence among different 
materials 

2. NUMFRICAL FORMULATION 

We have utilized the two-dimensional Navner- 
Stokes equations, including the mass continuity, 
momentum, and energy equations, with the following 
treatments 

(1) Bousslnesq approximation for the density 
variation, 

(2) Darcy law modeling of the effect of the mushy 
region between solid and liquid, 

(3) enthalpy formulation instead of temperature 
formulation for the energy equation 

For problems with phase change, the enthalpy for- 
mulatlon allewates the need for explicitly tracking the 
phase boundaries, but introduces extra source terms 
arising from the release of latent heat which can make 
the computation more difficult to converge [15, 16]. 
We have developed the numerical methods capable of 
accounting for the above descnbed physical models in 
the framework of the general curvflmear coordinates 
[16] 

In terms of the non-dlmenslonahzatnon procedure, 
the length of the whole domain, /) ,  thermal diffuslvnty 
of the liquid phase, &, specific heat, t~ v, and tem- 
perature differences between the right (hot) and 
left (cold) walls, ( T . -  Tc). are used as the reference 
physical quantities Hence, the reference velocity and 
enthalpy scales are, respectively, ~/£5 and Cp(~H -- ~c) 
The govermng equations have been presented m ref. 
[16] and will not be repeated here 

The Raylelgh number is defined, with the overbar 

designating the dimensional quantities, as 

~ / r ( ~ .  - ~ c ) z 5  3 

Ra - fYt ( 1 ) 

and the Prandtl number is 

f 
Pr 8 (2) 

where ~ and & are, respectively, kinematic viscosity 
and thermal dlffUSlVlty, ff the gravitational accel- 
eration,/~ the thermal expansion coefficient of liquid, 
a n d / )  the dimension of the square domain By com- 
bining the Raylelgh and Prandtl numbers, the 
Grashof number, Gr, emerges as 

Ra 
Gr = p~ (3) 

The dimensionless parameter associated with the 
phase change is the Stefan number, defined as 

£ (4) 

where £, Cv, and TH and Tc are, respectively, latent 
heat of the liquid, specific heat of the material, and 
the boundary values of the temperature field associ- 
ated with the hot and cold walls 

The solution methodology [17, 18] employs a semi- 
impliot lteratlve algorithm capable of solving the 
coupled equations in non-orthogonal cumhnear  
coordinates Along with the coordinate trans- 
formation, the finite volume formulation has been 
adopted in order to accurately honor the physical 
conservation laws A combined use of the Cartesian 
velocity components and contravarlant velocity com- 
ponents is derived in the numerical algorithm In the 
momentum equations the Cartesian velocity com- 
ponents are treated as the primary variables In the 
continuity (pressure correction) equation the con- 



Effect of Prandtl number on buoyancy-induced transport processes with and without sohdlfiCatlon 2567 

t ravanant  velocity components  are first updated and 
then the D 'yakonov tteratton ~s used to yteld the 
corresponding values between the contravanant  and 
Cartesian veloctty components m an efficient manner 

The staggered gnd system [17] is employed to store 
the dependent variables The second-order central 
difference schemes are used to dlscret~ze all the terms 
in the governmg equations except the convection 
terms which are approximated by the second-order 
upwind scheme. 

3 RESULTS A N D  D I S C U S S I O N  

Both the single- and multiple-phase fluids have been 
considered The steady-state solutions of  the flow 
w~thln a two-dimenstonal square enclosure have been 
computed for a wide range of  Prandtl numbers, from 
1 49 x 10 -~ to 103 The Raylelgh number ts vaned 
from 104 to 105 The corresponding Grashof  number 
is from 10 to 10 z for Pr = 10 3, and from 6.71 × 105 to 
671 x 10 6 for Pr = 1 49× 10 -2. The boundary con- 
&ttons used are shown m Fig 1 The no-shp boundary 
condmon ts prescribed for the velocity variables along 
all s~des, and the constant wall temperature on two 
vertical boundanes, l e 7". = 1 (~bH = 1) and Tc = 0 
(~bc = 0). and adtabattc (zero normal gradtent) con- 
dmon on both the top and bottom walls For  the fluid 
undergoing a solt&ficat~on process, the minimum 
hquldus temperature and the maximum sohdus tem- 
perature are 0 6 and 0.4, respecttvely, to define the 
boundanes of  the mushy zone_ Th.s corresponds to a 
Stefan number of  0 2 An tmtial grid system consisting 
of  81 × 81 nodal points was used first to yield the 
solution An adapttve grid method [19] was then used 

to enhance the numerical accuracy and convergence 
rates, especmlly for low Pr fluids As demonstrated in 
refs [16, 19, 20], for the present type of  problems, 
even with an idealized geometry such as a square, the 
adaptive grid method can be useful. All the quantities 
to be presented m the following sections are based on 
the &menslonless quantmes 

3 1 Without soltdthcatton 
3 1 1_ Ra = 10 4 Figure 2 compares the stream- 

function contours of  a smgle-phase fluid computed 
for Ra = 104 and four d]fferent Prandtl numbers. 
Whtle a monotonic  trend can be observed for the 
convection strength wtth respect to the Prandtl 
number, the correlation between them is not linear_ 
Very small changes occur with Pr being reduced from 
10 3 to  1 ,  the difference of  the maximum stream- 
functions between the two cases is 1 5%_ 

As the Prandtl number is further lowered, the rate 
of  decrease of  convectton strength expedites The 
maximum streamfuncttons differ by 4.6% with Pr 
decreasmg from 103 to 10- ' ,  and 10.2% from Pr = 103 
to 1 49 x 10--" Hence, the overall ~mpact of  Prandtl 
number on convection is very modest with five orders 
of  variation of  Pr causing only less than 11% differ- 
ences ofconvect ton strength. Quahtatwely,  the shapes 
of  the streamlines change from a rectangular geometry 
of  high Pr to a c~rcular geometry of  low Pr 

It ~s noted that the Grashofnumber  of  the Pr = 103 
case is only 10 for Ra = 104 However,  with the same 
Ra, the present results demonstrate that the transport 
process of  Pr = 103 IS not dominated more by the 
conduction than that of  Pr = 1 49× 10--', the cor- 
respondmg Gr of which ts 6 71 x 10 ' Hence the 

n o  s l i p  

84 m 0 ay 

n o  s l l p  
~ ,C (Tc l  = 0 

~ q 

n o  s l i p  
~H(TH) = 1 

x n o  s 3 . £ p  

J.A-~. ,  o 

FIG 1 Schematic of geometry and boundary conditions 
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mln~-2.03x10 -5 
maxffi 5. ii 

Pr = 10 3 Pr = 1 

mlnffi-1.58XI0 -5 mln--i. 63xi0 -3 
maxffi 4.95 max= 4.66 

P r  = l x l O  - 1  P r  = 1 . 4 9 x 1 0  - 2  

F16 2 Effect of Prandt] numbers on strearnfunctlon with Ra = 104 and no phase change 

Raylelgh n u m b e r  IS a more reliable indicator  of  the 
relative impor tance  of  the convect ion effect 

Figure 3 shows the cor responding  enthalpy con- 
tours of  the solut ions w~th four d~fferent Prandt l  num- 
bers Very close resemblances are agam observed for 
all cases The con tours  of  a high Pr fluid show more  
concent ra t ion  in the top left and bo t tom right  corners 
The temperature  profiles along the bo t tom wall are 
presented in Fig 4 for the four cases Slmdar  to the 
s t reamfunct lon compar ison ,  the profiles of  Pr = 10 J 
and 1 are very close to each other  Fur the r  lowenng  
the Prandt l  n u m b e r  causes the tempera ture  profiles to 
show more  differences Hence, both  the velocity and 
enthalpy fields show that  the Prandt l  n u m b e r  does not  

have a s t rong effect on the solutions with the same 

Ra 
A quahta t lve  explanat ion  of  this phenomenon  can 

be dehneated  as follows At cons tant  Ra but different 
Pr, the thermal  dlffUSlVlty and  kinematic  viscosity of  
the fluid must  s imultaneously vary m the opposite 
directions and at the same rate, Hence, for instance, 
as Pr increases, the G r a s h o f  number  decreases, 
indicating that  tJ the temperature  field remains 
unchanged,  the convect ion effects weaken due to 
higher values of  k inemat ic  wscostty A higher  Pr also 
means lower thermal  dlffusJvlty, which results In a 
more  concent ra ted  dis t r ibut ion of  the tempera ture  
field tf  the convect ion  field remains unchanged In 
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Pr = 10 3 

I p 

Pr = i 

P r  = 1 x l 0  - 1  P r  = 1 . 4 9 x 1 0  - 2  

FIG 3 Effect of  Prandtl numbers on enthalpy contours w,th R a  = 10 4 and no phase change 
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FIG 4 Effect of  Prandtl numbers  on enthalpy profiles along bot tom wall w,th R a  = 104 and no phase 
change 
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balance, the weakened tendency of  the convect ion 
effect and  the s t rengthened tendency of  the thermal  
buoyancy effect can largely compensa te  each other,  
causing the overall t r anspor t  process to be msenslttve 

to the varmt lon  of  Pr 
3 1 2 Ra = 105 Figures 5-7 depict, respectively, 

the streamfunct~on contours ,  enthalpy contours ,  and 
enthalpy profiles along the bo t tom wall, of  Ra = l0 t 
and four different Prandt l  numbers  Compared  to the 
cases at Ra = l 0  4, the trend Is quahtat lvely  similar 
but not  quant l ta twely  ldenttcal For  Ra = 105, there 
is 10% difference between the m ax i m um  stream- 
funct ions with Pr = 10 ~ and 1, which is larger than  
that  for Ra = 104 (1 5%).  F r o m  Pr = 103 to 10- t, the 

difference is 29 8% for Ra = 10 ' and only 4 60,o for 
Ra = 104 A similar s ta tement  can also be made for 
P r =  1 4 9 x l 0  z Fur the rmore .  a t R a =  105 the con- 
vect~on pa t te rn  of  Pr = 1 49 × 10 -" exhibits multiple 
secondary and  tertiary cells in the corner  regions 
which occupy noticeable areas ,  the contours  in the 
corner  regions represent the boundar ies  between 
adjacent  convecuon  cells This  feature is quahtatwel ' ,  
similar to tha t  observed by Gresho  and Upson  [21] 
Hence we observe a s t ronger  impact  of Prandt l  num- 
ber on the convect ion  s t rength  as the Raylelgh number  
becomes higher The enthalpy contours  also depict 
s lmdar  responses to Pr w~th both  Raylelgh numbers  

With  regard to the enthalpy profiles along the 

min--4.05xlO -6 
max m 11.2 

mln--3.48xlO -6 
max- 10.03 

Pr = ixlO 3 Pr = 1 

mln--I. 14xlO -6 min--2.43x10 -1 
ma~ 7.86 max~ 6.74 

P r  = 1 x l 0  - 1  P r  = 1 . 4 9 x l  0 - 2  

FIG 5 Effect of Prandtl numbers on streamfunctlon with Ra = 10" and no phase change 
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Pr = ixlO 3 Pr = 1 

Pr ffi lx10 -I Pr =1.49xi0 -2 

FIG 6 Effect of Prandtl numbers on enthalpy contours with Ra = 10 ' and no phase change 

bot tom wall, Fig_ 7 shows that,  compared to Fig 4 
of Ra = 104, s t ronger  convect ion mduced by higher 
Rayle~gh n u m b e r  causes sharper  var ia t ions  of  the 
enthalpy profile for all Prandt l  number s ;  the quan-  
titative differences among  solutions are greater for 
Ra = 10 ' than for Ra = 104 

The quest ion may arise as with Ra = 10 -~, whether  
the steady-state solutions exist for all Prandtl numbers '~ 
For  example, it was found by Gresho  and Upson  
[21] that  with Ra = 10 ~ and  Pr = 10 -', no steady- 
state solut ion can be obta ined  by their finite e lement  
formulat ion and  modest  spatial resolut ion (24 x 24 
meshes) In the present study, we have found that  
a l though the convergences become progresswely more  
dll~cult as Pr  is reduced, stable s teady-state solutions 
can be reached for all the cases reported here, 
especially when aided by the adapt ive grid me thod  

There have been many  correlat ions proposed tn the 

h tera ture  to relate the Nusselt  n u m b e r  to Rayle~gh 
and Prandt l  numbers  [14] A correlat ion proposed by 
Berkovsky and  Polevlkov [22] covers a very wide 
range of  var ia t ions  of  Ra and Pr Without  reveahng 
much reasoning,  Berkovsky and Polevlkov gave the 
following correlat ion to link the Nussel t  number ,  Nu, 

and the Raylelgh n u m b e r  as well as Prandt l  n u m b e r  : 

Nu = 0 18[Ra" Pr/(O 2 + Pr)] ° 2~ (5) 

Earlier, Dropk ln  and  Somerscales [23] reported a cor- 
relation based on a hmlted number  of  experimental  
measurements  to include the effect of  Pr 

Nu = 0 069Ra ° 33 pr o o74 (6) 

Equat .on  (5) indicates that  the impact  of  Pr on the 
heat t ransfer  rate ~s neghglbly small l fPr  > 1. A larger 
effect of  Pr on the heat  transfer rate can be observed 
if Pr < I. For  example, with a fixed Ra, equat ion  (5) 
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I I I I 

X 
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FIG. 7 Effect of Prandtl numbers on enthalpy profiles along bottom wall w,th Ra = 10' and no phase 
change 

suggests that the relative changes of  heat transfer rate 
from l0 ~ to 1, 10-],  and l 49 × 10-: ,  are, respectively, 
5, 27, and 54%. For  large Pr, equaUon (6) indicates 
a much stronger Prandtl number effect than equaUon 
(5) does. As pointed out by Gebhart  et al (p 754 of  
ref [14]), the experiments by Dropkm and Somer- 
scales [23] were not complete,  small Ra was obtained 

only for small Pr and large Ra only for large Pr, thus 
giving a coupled Pr and Ra dependence of  data 

Our results agree quahtatlvely to equation (5) F~g- 
ure 8 shows the Nusseh number vs Prandtl number 
with two different Raylelgh numbers based on the 
present solutions and equaUon (5) The Nusselt num- 
bers shown in Fig 8 are computed based on the orig- 
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and Polevikov [22] 
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Ra=10 5 .~/' \ . . . . . .  

• ~ I P "  0 

Ra'104 ~'~2"" 
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I i I I ! I 

10-3 10-2 10-1 10 0 101 10 2 10 3 

P r  

FIG 8 Nusselt number vs Prandtl number w,thout phase change 
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inal defimtlon 

Nu = Q/[K(Tn - -  ~'c)/51 (7) 

where 0 is the heat transfer rate across any verucal 
surface, and /~ the thermal conducttwty In terms 
of  non-dimensional quantities, the followmg formula 
was adopted for computat ion on the left wall, based 
on the trapezoid rule: 

f0'(") N u =  ~ , = 0 d Y  (8) 

Figure 8 indicates that both equation (5) and our 
results show that the Nusselt number varies very httle 
w~th large Pr ; it changes more as Pr becomes less than 

one However,  m our results the effect of  Prandtl 
number on Nusselt number in terms of  percentage 
variation becomes stronger as Ra increases. Equat ion 
(5), on the other hand, suggests that the relative effect 
of  Pr on Nu remains the same for all Ra In the range 
of Ra that has been computed, the effect of  Raylelgh 
number on the Nusselt number predicted by the 
present solution appears conststent with the results 
assembled by Kamotam et al [I I] Caution should be 
exercised to extrapolate the present findings to even 
higher Ra, however, smce t t ts  shown in ref. [ l l ]  that 
the Raylelgh number effect on Nusselt number some- 
what decreases as Ra goes beyond l0 -~ There is a lack 
of  definite information available in the literature to 
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FIG 9 Effect of Prandtl numbers on streamfunctton contours (sohd hnes) and phase boundaries (dotted 
lines) with Ra = l04 and with phase change 
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assess m deta,l the solutnons presented here However. 
with appropr ia te  nnterpolat,on, our  solutnons appear  
to agree very well. m terms of  bo th  the s t reamfuncUon 
and Nusselt  n u m b e r  predictnons, to several results 
reported earher  for Pr = 0.71 [19.24-26] 

3 2 Wtth sohdtficatmn 
Next, we present the so luuons  of  the t ranspor t  pro- 

cess wtth the inclusion of  sohdlf icauon The Stefan 
number  is chosen to be 0_2 m the present  study Some 
streamfunct ton contours  for cases with sohdtficauon 
have been presented m a previous paper  [16] They 
are included here m &fferent a r rangements  to aid 
our  discussion We also refer to the mfor rnauon  of 

enthalpy contours  m ref [16] 
3 21  Ra = 104 Figure 9 compares  the stream- 

function contours ,  a long with the locations of  
hqmdus,  sohdus,  and  mushy  zones (shown m dot ted 
lines) of  the so luuons  with Ra = 104 and four dtfferent 
Prandt l  numbers_ Despite  the obvtous  differences 
of  convecuon  pa t te rn  caused by soltdlficauon, the 
quah ta twe  t rend of  the Pr effect appears  the same 
as the smgle-phase cases. Wi th  respect to Pr = 103, 
the max imum convect ion s t rength decreases mono-  
tomcally as Pr is lowered The decreases of  the 
max imum s t reamfunct tons  are 2 5, 13 6, and 31 3%, 
for Pr = 1, 1 0 - ' ,  and  1_49 × 10 -2, respectxvely Com- 
pared to the soluUons wt thout  phase  change (Fig. 2), 
the m o n o t o m c  trend of  convecuon  s t rength vs Prandt l  
number  remains unchanged  The effect of  Pr variat ion 
on convect ion s t rength ts substant ial ly more  with sol- 
l&ficatlon than  wsthout  solt&ficatlon in the low Pr 
regime, x e as Pr < 1 However,  for the cases bo th  
with and  wt thout  solidtficat~on, the relattve effect of  
Pr on the solutton is very hmited wtth Pr > 1 

The c o m b m a t t o n  of  Prandt l  and Stefan numbers  
also makes  the morpho logy  of  the mushy  zone changc 
substant ,al ly at Ra = 10" As Pr vanes,  not  onl> does 
St exert a noticeable influence on the convecuon  
strength,  but  it changes the quahtatnve features related 
to the sohdlficaUon process, mcludnng the shape of 
the phase boundary  and the enthalpy dis t r ibut ion 
Th~s &fference m solution charac tensucs  may not  
seem apparen t  based on the mspectnon of  the wall 
temperature  profile and  heat  t ransfer  rate alone Fng- 
ure 10 compares  the bo t tom wall enthalpy profiles of 
four Prandt l  numbers  with sol,&ficaUon By com- 
paring the wall enthalpy profiles with and  without  
phase change,  as shown m Figs 4 and  7. the changes of  
the character tsucs of  the wall t empera ture  dis t r ibut ion 
caused by St  are more p ronounced  than  caused by 
Pr 

3.22 R a =  10 ' For  the solutions w,th sohdl- 
ficaUon under  ~dentncal bounda ry  condntlons and 
Prandt l  as well as Stefan numbers ,  but  w, th Ra = 10 ', 
the cor respondmg so luuons  are shown m Figs I 1 and 
12_ First, the higher Ra causes a s t ronger  connect ,on 
effect, mak,ng  the convect ion cell penetrate  deeper 
into the mushy zone as compared  to Ra = 104 The 
enhanced  convect ion results m bo th  larger convect ion 
cells for all Prandt l  numbers  and more snmdar shapes 
among  them A nouceable  difference is for Pr  = 10 ~, 
where shor t  wavelength wtggles are observed As d~s- 
cussed m ref [16]. thns feature does not  appear  to 
be caused by the numer,cal  techniques adopted since 
these wiggles &sappear  with Ra = 10 ~ where the non-  
hnear  couphngs  among  dependent  varnables are 
stronger and the numer,cal  algornthm ~s expected to 
experience more difficulties m yielding convergent  and 
accurate solutions 

Pr = 1.49xi0 -2 

/ Pr  - I 

__[// t L - - : _ .  . . _ .  . . - -  , _ .  , _ .  . . .  

left wall X right wall 

FIG 10 Effect of Prandtl numbers on enthalpy profiles along bottom wall w,th Ra = 104 and phase change 
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FIG 11 Effect of Prandtl numbers on streamfunctton contours (sohd hnes) and phase boundaries (dotted 
hnes) with Ra = 10 5 and phase change 

It IS interest ing to note that .  besides the wiggles of  
Pr = 10 a. the thermal  fields with Ra = 10 5 as shown 
m the enthalpy con tours  in the whole domain  [16], 
and enthalpy profiles a long the bo t tom wall (Fig_ 
12). are of  closer overall agreement  among  different 
Prandt l  numbers  than those with Ra = 10" (Figs. 9 
and 10). 

Figure 13 shows that  Pr has a substant ia l ly  larger 
effect on Nu at higher  Ra Since Nu Ls calculated based 
on the integrat ion of  local gradients, ~t is the details of  
the temperature  d~stnbut lon ra ther  than the overall  
characterist ics tha t  affect its value Figures 1 I-13 dem- 

onstra te  that  at Ra = 10 ~ and with phase change,  Pr 
variat ions can exert comphca ted  influences on the 
thermal  fields, causing the global pa t tern  to be more 
s~mdar while Nu to be more different For  bo th  
Ra = 10 7 and l0 t, there arc also substantial  differ- 
ences of  phase bounda ry  morphology  between h,gh 
and low Pr fluids 

4. S U M M A R Y  A N D  CONCLUSIONS 

Based on the results presented, the following sum- 
mary can be made  
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FIG 12 Effect of Prandtl numbers on enthalpy profiles along bottom wall with Ra = 10' and phase change 

(1) With or wi thout  phase  change,  the t r anspor t  
characterist ics are very msensmve to Pr when It IS 
large The effect of  Pr becomes more p ronounced  
when it is lower than one 

(2) As Rayleigh number  increases, a s t ronger  
impact  of  Prandt l  n u m b e r  on the convect ion s t rength 
can be seen. with or wi thout  solidification 

(3) With  regard to the thermal  fields, as Ra 

increases, P rand t l  n u m b e r  does not  necessarily exert 
identical degrees of  influence between single- and mul- 
tiple-phase cases For  single-phase cases, Pr effects on 
all aspects of  the t ranspor t  process increase with Ra 
With solldificauon, s t ronger  convect ion at higher Ra, 
along with the Stefan n u m b e r  effects, result m larger 

z 

6 . 0  

5 . 0  

4 . 0  

3 . 0  

2 . 0  

Y 
Ra.lO 5 -- \ 

Ra~lO 4 " - - ~  

0 0 ' ' - "  
1.0 ! I I i J n 

10-3 10-2 i0-i i00 I01 102 103 

Pr 

FIG 13 Nusselt number vs Prandtl number wnth phase change 
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Pr Influences on maximum streamfunctton and 
Nusselt number,  but not on the global enthalpy 

pattern 

(4) Overall, t t t s  rather mterestlng that by varying 

Pr for five orders of  magnitude,  only modest  differ- 
ences in heat transfer rates and convectJon strength 
have been found in all cases, with or without phase 
change However,  features such as morphology of  
phase boundaries may be more influenced than the 
transport  characteristics are It is concluded that  for 
the cases with solidification, care should be taken 
in deducing the information from materials o f  one 
Prandtl  number  to the other  

The present studies are only limited to the steady- 
state solutions driven by the temperature field above 
There has been ample evidence that the variation of  
Prandtl  number  shows a substantial influence on the 
values of  the t ransmonal  Rayleigh number  from lami- 

nar to turbulent [14. 27]. It has also been clearly dem- 
onstrated that with the presence of  double-diffusive 
convection of  temperature and solute fields, the solu- 
tions of  different Prandtl  number  can be different in 
quahtattve patterns even with identical thermal and 

solutal Rayleigh number  [20, 28, 29]. 
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EFFET DU NOMBRE DE PRANDTL SUR LES MECANISMES DE TRANSPORT 
1NDUITS PAR LE FLO'I-FEMENT AVEC OU SANS SOLIDIFICATION 

Rosum~-Dans  l'etude des mecamsmes de transport avec sohd~ficat]on, quelques mat6rtau\ comme de~ 
solutions aqueuses qut ont de grands nombres de Prandtl (Pr) ont ete utdts~s pour a,der a comprendre les 
caractenst]ques de la sohdlficat~on de la SdlCe ou des matenaux metalhques qm sont a fatble Pr L'mfluence 
de Pr sur les ph~nomenes de transport mdutt par le flottement est etudtee a t ravers  deux calculs pour 
l~coulement b]dtmenslonnel permanent, dans une ca~tte carree a~ec dew,. temperatures d[fferentes des,, 
parots verttcales, avec ou sans sohdlficat~on Pour un nombre de Raylelgh constant (Ra). les caractertstlque~ 
des transports de la quantlt~ de mouvement et de la chaleur sont msenstbles a Pr st Pr > 1. que le 
changement de phase apparaJsse ou non L effet de Pr dev]ent plus sensible quand d tend progresslvement 
vers un Pour les cas sans solld]ficatton, les effets de Pr sur tousles aspects du m&:antsme de transport 
augmentent avec Ra Avec sohd]ficat]on, une convectton plus vlgoureuse mdulte par des R .  plu.~ eleves ct 
couplee avec les effets du nombre de Stefan condutt a une influence plus forte de Pp ~ur la fonctton dc 
courant max]male et sur le hombre de Nusselt. ma~s pas sur les configuratton~ globales d'enthalpte On 
trouve auss] que la morpholog]e des front]eres des phases peut ~tre plus sensible au\  varmt~ons de P, quc 

le transport de quantlte de mouvement et de chaleur 

EINFLUSS DER PRANDTL-ZAHL AUF AUFTRIEBSBEDINGTE 
TRANSPORTVORGANGE MIT UND OHNE ERSTARRUNG 

Zusammenfassung- -Es  werden die Transportvorgange be] der Erstarrung verschtedener Matermhen yon 
hoher Prandtl-Zahl (Pr)--wle z B waflr]ge Losung--untersucht Die gewonnenen Erkenntmsse werden 
dazu verwendet, das Erstarrungsverhalten von Sihz~um oder yon metallhalttgen Matenahen (kleme Prandtl- 
Zahl) verstehen zu lernen Der EmfluB der Prandtl-Zahl auf die auftrtebsbedmgten Transportvorgange 
w~rd durch zwe~dtmenstonale stattonare Stromungsberechnungen m emem quadratlschen Hohlraum be] 
zwet untersch]edhchen Temperaturen der senkrechten Wande m~t und ohne Erstarrung untersucht Bel 
konstanter Rayle]gh-Zahl (Ra) slnd dte Vorgange des Impuls- und Warmetransports fast unabhangtg von 
der Prandtl-Zahl. wenn dtese > 1 ~ s t ~ t e s  gait fur Falle mtt und ohne Phasenanderung Der EmfluB der 
Prandtl-Zahl ntmmt fur Pr < 1 zu Tntt  keme Erstarrung auf, so nlrnmt der Emflul3 der Prandtl-Zahl auf 
die Transportvorgange m]t wachsender Rayle]gh-Zahl zu Fur den Fall. dab es zu emer Erstarrung kommt. 
erg]bt stch bet groBerer Ra-Zahl eme starkere KonvektJon, woraus s]ch--zusammen mtt dem Emflul3 der 
Stefan-Zahl--eme starkere Abhang~gke~t der maxtmalen Stromfunktton und der Nusselt Zahl ',on der 
Prandtl-Zahl erglbt Daruberhmaus ze]gt s~ch, dab E]genschaften w~e d~e Morphologte der Phasengrenze 

starker vonder  Pr-Zahl abhangen als der lmpuls- und Warmetransport 

B2IH~IHHE q H C 2 1 A  FIPAH~T2I .q  H A  B b I 3 A A H H h l E  F I O ~ E M H b l M H  CH21AMH 
HPOUECCbl  FIEPEHOCA H P H  HA.rIHqHH H OTCX~TCTBHH 3 A T B E P ~ E B A H H ~ I  

AJee~Tsnmtn~Jla Hc~eJIe~o]SaHHA xaparrepxcTxg  3aTeep~esaxt lx  MaTepHa.)IOB Ha OCHOee CM.~Xgona n-qX 
MeTa.~loa c HH3gHM 3HaqeHHeM qMcna Pr HCTIOJIb3OBa.~cI, pa:)JIHqHhte MaTepHa.nu (gag, HallpHMep, 
BO~HI~e paCTBOpld), ~J1Jt gOTOpbd[X xapagTepw~ BI~ICOgHe 3Haqenxa qHCJIa l ' l p ~ x x  Pr B~xmme qHc.na 
Pr Ha Bhl3BaHHhle [IO~'Ih~M}I]h/.MH C3UlaMM IB.qeHHg HCC21e~yeTCR IXO(~n~'BOM ~]JmyMepHhiX CTaHHOHapHIdX 
pacqeTOB TeqeE~a B gaa~paTHOfi no~o~*'~J ~J1g ~Byx p a ~ x ~ n M x  TeMnepaTyp BepTHga.I1bHblX c~reHox gag 
npa Ha.[IHqHH, Tag H npx OTCyTCTBHH 3aTeepaeaani[x. B c~yqae n o c r o a s H o r o  qSC.qa P ~ e a  Ra xapag're- 
pHC~H]CH nepeHOCa HMHyJlbCa [] TelUla BeCbMa He3HaqHTe.qbHO 3anxcsrT aT qHcA1a Pr npu Pr > 1 He3aBH- 
CHMO aT Ha.~HqHM (])a3OBOFO flepego~a. ~D¢~)ek'T qHcJla Pr CTa.I-IOBHTCR 60Jibe 3aMeTHIalM I]pM ero  
MOHOTOHHOM y6hlBaHHI], HaqHHag CO 3HaqeHHgi C~JMfHHIJ~d L[TO Kacab~I'CR ¢])8.3OBOFO nepexona,  TO npH 
OTCyCTBHH 3aTBeprveBaHHa BJIHgime qHcJIa Pr aa  ace xapatrTepHcTHgH npouecca nepeHoca yBeJIHqH- 
BaeTca c pOCTOM qHCJla Ra. l-[pH Ha.~HqHH 3aTeep~eaanxg 60hoe FIH'I~HCMBHaA gOHBeglEH.q, o 6 y c ~ o ~ e ~ -  
Ha~[ BMCOKHMH qHC.TlakO[ Ro n cOqeTaHHH C BXIE[MHHCM qHcJ1a CTeCpaHa, HpHBo~IHT g ycH.qenmo B.qHNHHa 
qHc.rla P r  J[HLUb Ha MagCHMa.)lbHyiO ~yHIgUl4t}O Toga H qHCJIO HyCCC~bTa, Ha He Ha O()l/lee pacllpe~e.rleHHe 
3HTa.qbI1HH Hagl~eHo Tagxe,  qTO TagHe xapagTepHMe CBO~CTBa gag Mop(DoJIOrHN (Da3oB~JX ]'~aHHu 

MOFyT :gaBHCeTb aT H~MeHeHHfi qH~la Pr n 6Onbllle~ ~FelleHH, qeM IlepeHoc HMllyJll~a H Tenna 


